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Exercise 6

Show that
o

/ T dr o m

o Vz(r?+1l) V2

by integrating an appropriate branch of the multiple-valued function
,—1/2 e(—1/2)logz

T 211 211

f(z)

over (a) the indented path in Fig. 101, Sec. 82; (b) the closed contour in Fig. 103, Sec. 84.

Solution

Part (a)

In order to evaluate this integral, consider the given function in the complex plane f(z) and the
contour in Fig. 101. Singularities occur where the denominator is equal to zero.

24+1=0
z=+1

The singular point of interest to us is the one that lies within the closed contour, z = ¢. Since
z71/2 can be written in terms of log z, a branch cut for the function needs to be chosen.

1
212 = exp (—2 log z>

We choose it to be the axis of negative imaginary numbers.

1
= exp [—2 (lnr—i—i@)} , <|z > 0, —g <h< 3;) ,

where r = |z| is the magnitude of z and = arg z is the argument of z.

v“;!

Figure 1: This is Fig. 101 with the singularity at z = ¢ marked. The squiggly line represents the
branch cut (|z| >0, —7/2 < 6 < 371/2).
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According to Cauchy’s residue theorem, the integral of z2=/2/(22 + 1) around the closed contour
is equal to 27i times the sum of the residues at the enclosed singularities.

5172 5172
dz = 2mi Res ——
C 22 +1 =i 22 +1

This closed loop integral is the sum of four integrals, one over each arc in the loop.

L—1/2 L—1/2 L—1/2 L—1/2 L—1/2
dz dz dz dz = 2mi R
/Lz2—|—1 +/L2z2+1 +/ 241 +/CR22+1 2= 2milles 5

The parameterizations for the arcs are as follows.

Li: z=rée", r=p — r=R
Ly: z=r€eT, r=R — r=p
Cy: z—pew, f=n — 6=0
Cr: z=Reé", =0 — 6=
As a result,
71/2 R (1gi0)=1/2 ‘ P (reim)=1/2 ' 5—1/2 5—1/2
271 Ry T(d o / S (dre'” / d / —d
mzezsz2 ) (7”610 re”) + R(re”)2+1( re'™) + o 1 z+ o P 2

R ,.—1/2 p p—1/2p—in/2 »—1/2 »—1/2
[ [ ] 2
p 'I"+1 R (—7") +1 CpZ +1 CRZ —|—1
R 71/2 ~1/2 —in/2 —1/2 —1/2
/ " / ! —_——dr+ / 22 dz + / 227 dz
P 72 P c, 2+ 1 cp 7+ 1

T

~1/2 ~1/2
(1+6_”/2)/ 5 dr+/ Z2 dz+/ z2 dz.
p 1 c, 2°+1 cp#+1

Take the limit now as p — 0 and R — oo. The integral over C, tends to zero, and the integral
over Cr tends to zero. Proof for these statements will be given at the end.
—-1/2 5—1/2

oo
Ve [ D dr=2
(1+e )/0 21 W258§Z2+1

Writing the denominator as 22 + 1 = (2 +4)(z — ), we see that the multiplicity of the z — i factor
is 1. Consequently, the residue at z = i can be calculated by

5—1/2
Res S = 00,
where ¢(z) is the same function as f(z) without the z — i factor.

5—1/2 i—1/2 (em/2)71/2 o—im/4

oG =7 7 == =

So then
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and

00 ,.—1/2 —im /4
—im/2 r _ [ €
(1+e )/0 T2+1d7‘ 27m< 5 )

= e~ /4,

Divide both sides by 1 + e~#/2,

00 ?“71/2 67”_/4
‘/O mdr = ﬂm
1
=G e
_ 1
B 7T2cos.(7r/4)
1

=T—

V2

Therefore, changing the dummy integration variable to x,

dx:l.

> 1
/0 Va(z? +1) V2
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The Integral Over C,

Our aim here is to show that the integral over C, tends to zero in the limit as p — 0. The
parameterization of the small semicircular arc in Figure 1 is z = pe?, where 6 goes from = to 0.

—-1/2 0 i0\—1/2 ,
/ SE - / (o)1 i ap)
C

———dz = .
, 22 + 1 - (p€29)2+ 1
/0 p1/26i0/2 (5 d6)
= ——— i
- p2€219 +1
Take the limit of both sides as p — 0.
=172 0 )1/2¢i0/2

li dz = i ——————(idf

The limits of integration are constant, so the limit may be brought inside the integral.

L—1/2 0 p1/2¢i0/2
r—0Jc, 22+ 1 = p—0 p2es? + 1

Because of p'/2 in the numerator, the limit is zero. Therefore,

—-1/2

z
li ———dz =0.
pl—I>I(l) Cp 22+1 N

The Integral Over Cg

Our aim here is to show that the integral over Cr tends to zero in the limit as R — oco. The
parameterization of the large semicircular arc in Figure 1 is z = Re'?, where 6 goes from 0 to =.

271/2 T (R€i0)71/2 i
/CRzszZ— || (em e )

™ R1/2€i9/2 )
:/ gz 1 (149)
0 & +].

/7r R1/26i9/2 (de)
= —_— (1
0 R2 (6229 + #)

/Tl' 1 €i9/2 (de)
= - 1
0 R3/2 (6219 + #)

Take the limit of both sides as R — oo. Since the limits of integration are constant, the limit may
be brought inside the integral.

—1/2 T 1 10/2
lim [ S ——dz= / lim ° (i d9)
R—o0 Cr z¢ + 1 0 i

Because of R%/2 in the denominator, the limit is zero. Therefore,

—1/2
lim 5 dz = 0.
R—oo Cr 24+ 1
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Part (b)
In order to evaluate this integral, consider the given function in the complex plane f(z) and the
contour in Fig. 101. Singularities occur where the denominator is equal to zero.
2Z24+1=0
z=+1

1/2 can be written in terms of log z, a branch cut for the function needs to be chosen.

1
2712 = exp <—2 log z)

We choose it to be the axis of positive real numbers.

Since z~

(lnr+i0)} . (Jz] >0, 0< 8 <2m),

[ 1
= exp *5

where 7 = |z| is the magnitude of z and # = arg z is the argument of z.

A

Figure 2: This is essentially Fig. 103 with the singularities at z = —i and z = ¢ marked. The
squiggly line represents the branch cut (|z| > 0, 0 < 6 < 27).

According to Cauchy’s residue theorem, the integral of z2=%/2/(22 + 1) around the closed contour
is equal to 27i times the sum of the residues at the enclosed singularities.

Z71/2d i L—1/2 s 5—1/2
§’§0z2+1 A S e TS e

www.stemjock.com



Churchill Complex Variables 8e: Section 84 - Exercise 6 Page 6 of 8

This closed loop integral is the sum of four integrals, one over each arc in the loop.

271/2 71/2 271/2 2’71/2
/ o dz +/ D dz +/ 2dZ+/ 27612
le +1 ng +1 CPZ +1 CRZ +1

L—1/2 L—1/2
=2m | R Res 1
m z—gszz —|—1+z 222+1 ()

The parameterizations for the arcs are as follows.

Li: z=ré", r=p — r=2R
Lo z = et , r=R — r=p
C,: z= pet?. =2r — 6=0
Cr z = Re”, 0= - 0#=27

As a result,

~1/2 ~1/2 R (,..i0\—1/2 4 P (rpi2m\—1/2 4
/ 22 dz—l—/ Zde:/ m(drezo)—i—/ %(dr@’%)
L, 22 +1 L, 22 +1 p (re0)2+1 r (re?m)2 41
R ,.—1/2 p—1/2 —in
p T+l r r“+1

R .—1/2 R .—1/2
:/ dr+/ K
p r24+1 p r2 41

Substitute this formula into equation (1).

R ,.-1/2 ,—1/2 L—1/2 ,—1/2 L—1/2
P —9 s
/p 2+1d+/ 2+1d +/ 2y dE=mi| Res o FRe 5

Take the limit now as p — 0 and R — oo. The integral over C), tends to zero, and the integral
over Cr tends to zero. Proof for these statements will be given at the end.

0o .—1/2 —1/2 —1/2
2/0 ey Rl i b g g e

Writing the denominator as 22 +1 = (2 +4)(z — i), we see that the multiplicities of the z — i and

z 41 factors are both 1. Consequently, the residues at z = —¢ and z = ¢ can be calculated by
5—1/2
Res 527 = = ¢1(—1)
L—1/2
1328 22+1 = ¢2(0),

where ¢1(z) and ¢3(z) are the same function as f(z) without the z + 4 and z — i factors,
respectively.

,—1/2 ‘ (—i)~1/2  (efBm/2)-1/2 o—i37/4
wWEl=T = al =T s Ty
L—1/2 V2 (/)12 i/
S e N T
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So then
~1/2 —i37/4
z (&
R -
A% 2 %
~1/2 —im/4
V4 e
Res -
R R %
and

oo .—1/2 e—i3m/4 e—im/4
2 ——dr =2mi | —
/0 o 2 T2
— 7_‘_(efﬁr/4 _ 67i37r/4)
™ .. T 3@ .. 3w
= — —gsin — — — —isin —
T | cos 1 1S 1 cos 1 1S 1

C[vE v (Ve
i I S ey

=7V2.

Divide both sides by 2.
o n.—1/2 T
/ T =
o r*+1 V2

Therefore, changing the dummy integration variable to x,

o0 1 d — T
/o Ve@@ 1) T
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The Integral Over C,

Our aim here is to show that the integral over C, tends to zero in the limit as p — 0. The
parameterization of the small circular arc in Figure 2 is z = pe'?, where 6 goes from 27 to 0.

~1/2 0 (,pi0y—1/2 .
/ : dz —/ %(m’e’e de)
C 2

: 22+1 - . (pei9)2+1

0 1/2,i0/2
_ [0t
_ /Z 0

Take the limit of both sides as p — 0.
5—1/2 0 )1/2¢i0/2

M o, 21 ), ey )

The limits of integration are constant, so the limit may be brought inside the integral.

2—1/2 0 p1/26i9/2
r—0Jc, 22+ 1 on P—0 p2es? + 1

Because of p'/2 in the numerator, the limit is zero. Therefore,

—1/2

z
li ——dz = 0.
pl—I>I(l) Cp 22+1 §

The Integral Over Cg

Our aim here is to show that the integral over Cr tends to zero in the limit as R — oco. The
parameterization of the large circular arc in Figure 2 is z = Re', where 6 goes from 0 to 2.

271/2 2m (Rei9)71/2 i
2 dz = T(Rze d(g)
cp 221 o (Re?)?2+1
2 R1/26i9/2 .
:/0 R262i9+1(2 o)
2 R1/2€7L9/2
0 R2 (eQie + #)

/2# 1 6i9/2 (de)
= - 1
0 R3/2 (6219 + #)

(i dO)

Take the limit of both sides as R — oo. Since the limits of integration are constant, the limit may
be brought inside the integral.

z71/2 2m 1 )2
R0 cp 2 t+1 ¢ /0 Ao R3/2 (e + 1) (i df)

Because of R%/2 in the denominator, the limit is zero. Therefore,

—1/2
lim 5 dz = 0.
R—oo Cr 24+ 1

www.stemjock.com



